Abstract. This paper presents a nonlinear dual transformation method and general complementary energy principle for solving large deformation theory of elastoplasticity governed by nonsmooth constitutive laws. It is shown that by using this method and principle, the nonconvex and nonsmooth total potential energy is dual to a smooth complementary energy functional, and fully nonlinear equilibrium equations in finite deformation problems can be converted into certain tensor equations. The algebraic relation between the first and the second Piola-Kirchhoff stresses are revealed. A closed form solution for general three-dimensional large deformation boundary value problems is obtained. The properties of this general solution are clarified by a triality extremum principle. This triality theory reveals an important phenomenon in nonconvex variational problems. Applications are illustrated by nonlinear, nonsmooth equilibrium problems in Hencky's plasticity, 3D cylindrical structures and post buckling analysis of elastoplastic bar with jumping and hardening effects. The idea and methods presented in this paper can be used and generalized to solve many nonlinear boundary value problems in finite deformation theory.
Introduction
Complementary variational method plays a fundamental role in finite deformation theory and computational mechanics. The study on the complementary-dual variational principles in continuum mechanics has a long history. It is well known that the complementary energy principle for large deformation elasticity was first proposed by Hellinger in 1914. Since Reissner clarified the boundary conditions in 1953 [53] , the complementary energy principles and methods in finite deformation mechanics have been studied extensively during the last 40 years [3, 5, 41, 43, 47, 48, 50, 57] and much more. A survey and unified approach on the complementary energy principles was given recently in [27] .
Generally speaking, the potential energy principles and direct methods can only give upper bound approaches to the nonlinear variational problems. The associated displacement finite element methods and numerical algorithms are very sensitive to the initial values of iterations in solving large deformation problems. The complementary energy variational principles, however, provide the lower bound solutions to the convex variational problems [1] . In plastic limit analysis of structures and nonsmooth mechanics, complementary energy methods possess definitely more advantages than the traditional direct methods [8, 17, 18, 22, 35, 36, 44, 45] .
In finite deformation theory, the total potential energy is usually nonconvex, and the associated boundary value problem may have more than one solution. Since the Hellinger-Reissner principle involves both the second Piola-Kirchhoff stress S and the displacement u, it is not considered as a pure complementary energy principle. For more than 40 years, this principle was considered only as a stationary principle. Its extremum property has been an open problem, which yielded many difficulties and confusions in engineering applications.
The classical Levinson's principle involves only the first Piola-Kirchhoff stress τ τ τ . Unfortunately, in finite deformation problems, the stored energy W is usually nonconvex in the deformation gradient F [2, 38, 50] usually does not have a simple algebraic expression [56] . In this case, the critical point of the Levinson's energy is not a solution to the boundary value problem (BVP) (see [19, 24] ). The conjugate function W * defined by the Fenchel transformation
is always convex and lower semicontinuous. But if the stored energy W is not convex, the constitutive equation τ τ τ = DW (F) is not invertible (see Ogden [49] ). In this case, there exists a duality gap between the potential energy and the generalized Levinson's energy, obtained by the Fenchel-Rockafellar duality theory, i.e. the critical point of the generalized Levinson's principle is not a solution to the BVP. In order to recover this duality gap in finite deformation theory, a so-called complementary gap function was discovered by , and a general duality theory was established in geometrical nonlinear systems. They proved that if this gap function is positive on the equilibrium admissible field, the generalized Hellinger-Reissner complementary energy is a saddle point functional, the total potential energy is convex, and its dual problem is concave. Applications of this general duality theory have been given in a series of publications on finite elastoplasticity (see, [18] [19] [20] [21] [22] [23] [24] [25] [32] [33] [34] [35] ).
Recently, the remained open problem in nonconvex variational principles has been solved in [23] [24] [25] . It is proved that when this gap function is negative, the generalized complementary energy is a so-called super-critical (or ∂ + -critical) point functional. In this case, the total potential energy may have three type of critical points. An interesting triality theorem for nonconvex variational problem is discovered, which can be used to study nonlinear bifurcation problems, phase transformations, unilateral variational problems, contact mechanics, and other things. A nonlinear dual transformation method for solving nonlinear variational/boundary value problems was proposed in [24, 25] and a general duality theory in nonconvex variational problems was developed. Based on this general duality theory, an analytic solution is obtained for fully nonlinear, nonconvex variational problems [23, 24] .
The purpose of the present paper is to give applications of the general theory developed in [23, 24] to the three-dimensional finite deformation problems. In the next section, a nonlinear boundary value problem and the associated potential variational problem in nonconvex finite deformation theory are proposed. The classical complementary variational principles are discussed in Section 3. We can see that when the stored energy W (F) is nonconvex, there exists a duality gap between the total potential energy and the generalized Levinson's complementary energy. Based on the general duality theory developed in [23] [24] [25] , a pure dual variational principle is proposed in Section 4. By using this dual variational principle, we are able to transfer the nonlinear partial differential equilibrium problem in finite deformation theory into a tensor equation, and an analytic solution is constructed. The properties of this analytic solution are also fully characterized by a triality theory given in Section 5. Section 6 discusses the nonlinear dual transformation method in general finite deformation theory with internal parameters. The examples in Hencky's plasticity and post-buckling analysis of nonlinear beam theory are illustrated. Applications of the theory and method presented in this paper are provided in the last section to the large deformation problem of a hyperelastic cylinder tube and nonsmooth analysis of elastoplastic bar with jumping and harderning effects.
Problems and Governing Equations
Let ⊂ R
3 be an open, simply connected, bounded domain with boundary ∂ = t ∪ u , t ∩ u = ∅. On t , the surface tractiont is given; while on the remaining part u , the displacement is prescribed. Let U be the general admissible displacement space. The element u ∈ U is a vector-valued function u : → R 3 satisfying certain differentiable and integrable conditions. For problems with homogeneous displacement boundary condition, the so-called kinematically admissible space U a ⊂ U can be defined by
where I = {δ ij } is an identity tensor in R 3×3 . The dual space F = U * of U is the admissible force space. The element f ∈ F is specified as the body force b in , and the surface traction t on t . The bilinear form ( * , * ) :
For a given external forcef(x) = {b(x)(in );t(x)(in t )}, the external potential F : U a → R is defined by
For an admissible finite deformation u ∈ U a , the deformation gradient F
is a two-point tensor, satisfying det F(u) > 0.
Let W (F) denote the stored strain energy density. The conjugate variable of F is the first Piola-Kirchhoff stress tensor τ τ τ , defined by the following constitutive relation:
which is also a two point tensor. DW (F) = ∂W/∂F stands for the Gâteaux derivative of W with respect to F. In general finite deformation problems, F and its conjugate τ τ τ are not symmetric. The mixed BVP in finite deformation theory can be proposed as the following.
PROBLEM 1 (BVP). For the given external forcef = {b in ;t on t }, to findū ∈ U a and associated F, τ τ τ satisfying
where n ∈ R 3 is the unit vector normal to the boundary .
Remark. The first Piola-Kirchhoff stress τ τ τ has to satisfy the balance law of momentum:
By the principle of material frame-indifference, the stored energy W should be a function of F through the right Cauchy-Green strain tensor:
i.e., there exists a Gâteaux differentiable functionŴ such that (see, [9] 
) W (F) =Ŵ (C(F)).
By the chain role, we have
Since DŴ (C) is a symmetrical second order tensor, so the balance law of momentum is satisfied automatically for the associated τ τ τ (u) = DW (F(u)). The total potential energy associated with BVP is a real valued functional P : U a → R defined by
The critical points of P are solutions of the following potential variational problem
where δP (ū; δu) denotes the Gâteaux variation of P atū in the direction of δu. It is easy to prove that the critical pointū of P solves the mixed BVP. Strictly speaking, (P) is a nonlinear variational problem with inequality constraint det F(u) > 0. But the Lagrange multiplier λ ∈ R for this constraint has to satisfy the Kuhn-Tucker complementarity condition:
which leads to λ = 0. Hence the inequality constraint can be ignored in the potential variational problem.
Since the deformation gradient F is not a strain measure, the stored energy function W is usually not convex in F. So the solution of the BVP is only a critical point of the total potential energy P , and the variational problem (P) is not equivalent to the following minimal potential problem (or primal problem): findū ∈ U a such that
For example, in the phase transformations of elastic bar [13] , or the post-buckling of nonlinear elastic beam theory [23] , the total potential energy can be written as
where the stored energy W is a nonlinear function of the linear deformation = u ,x
which is convex if the parameter η 0. However, for η 0, W ( ) is a double-well function (see Figure 1 (a)). The Euler-Lagrange equation of this variational problem is then
For certain external force f (x), the parameter η > 0 and the boundary conditions, this equation may have three solutions: two local minimizers corresponding to two possible stable post-buckling state, and one local maximizer corresponding to one unstable post-buckling state. The nonconvex variational problem with double-well energy was first studied by van der Waals in 1893 for phase transformations of a compressible fluid [55] . Even for this very simple one-dimensional ordinary differential equation, the solutions for u(x) cannot be welldetermined by traditional direct analytic methods. Therefore, some numerical discretization approaches for solving this nonconvex problem were discussed [51] . Since W is nonconvex in the linear strain = u ,x , the constitutive relation τ = DW ( ) is not one-to-one, the complementary energy defined by the Legendre-conjugate transformation W c (τ ) = τ − W ( ) does not have a simple algebraic expression [56] (see Figure 1(b) ). Hence the classical complementary energy principle can not be used for solving this nonconvex problem. However, if we choose the nonlinear strain measure e = (u) = u ,x + 1 2 u 2 ,x , the stored energy density
2 is then a quadratic function. The conjugate stress σ = E(e − η) depends linearly on e, and the Legendre-conjugate of W is simply defined by W c (σ ) = 1 2 σ 2 /E + ησ . By using the dual transformation method, this nonlinear variational problem has been solved completely in [24] . Actually, the key idea of the nonlinear dual transformation method proposed in [24] is to choose a right geometric strain measure to ensure that the constitutive relation is a one-to-one mapping. By the duality of the nature, the right physical variables appear always in pairs (i.e. one-to-one). So the duality method can be used to solve many nonlinear systems. In this paper, we will see that by using the right strain measure, the general BVP can be solved in a very nice way. 
Classical Dual Variational Problems and Duality Gap
We use M( ; R 3×3 ) (or simply M) to denote the linear space of all second-order tensors with domain and range R 3×3 , and let
For any given F ∈ M, the generalized complementary energy, i.e., the conjugate function of the stored energy density W can be obtained by the Fenchel transformation
By the theory of convex analysis, W * (τ τ τ ) is always convex, lower semicontinuous, and we have the following Fenchel-Young inequality:
Let T a ⊂ M be the so-called statically admissible space
On T a , the generalized Levinson's energy can be proposed as
The following lemma is important for our main result. LEMMA 1. Suppose that for a given external loadf = {b in ,t on t }, the statically admissible set T a is nonempty. Then the critical pointτ τ τ of the variational problem
is a global maximizer of P c on T a and
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The equality in (21) By the Fenchel-Young inequality, we have
Using the Gauss-Green formula, for any given u ∈ U a , τ τ τ ∈ T a , this leads the inequality (21) . The Fenchel-Young inequality becomes equality if and only if W is convex in F. In this case, the constitutive equation τ τ τ = DW (F) is invertible and we have the following equivalent relations
Ifτ τ τ ∈ T a is a critical point of P c , and
is the associated deformation gradient, we have
Since τ τ τ is a two-point tensor, by the axiom of frame-indifference [49] , there exists a function
where DŴ * is a symmetric second-order tensor. Hence the critical pointτ τ τ and the associatedū satisfy equilibrium law of momentum
This show that if W (F) is convex, the critical pointτ τ τ of P c and the associatedū satisfy all equations in BVP, and henceτ τ τ is a solution. If W is strictly convex, then P (u) is strictly convex on U a and P c is strictly concave on T a . So P c has at most one maximizer.
This Lemma shows that the uniqueness of the solution of the BVP depends on the convexity of P . The existence of the solution will depend on the statically admissible space. If T a is a non-empty, bounded subspace of a reflexive Banach space, the theory of convex analysis assures that the variational problem (P c ) has at least one maximizerτ τ τ on T a . In this case, we write
If the stored energy density W (F) is strictly convex, the constitutive equation τ τ τ = DW (F) is invertible, W * = W c , and P c (τ τ τ ) is the classical Levinson's complementary energy. In this case, the critical pointτ τ τ of P c and associated F(ū) = DW c (τ τ τ ) solve the BVP. In order to get u by integrating ∇ū = F − I, the tensor field F − I has to satisfy the deformation compatibility condition:
If W is nonconvex in the deformation gradient F, the critical point of the generalized Levinson energy P c is not a solution of the BVP. The inequality (21) shows that there exists a difference between the primal problem (P inf ) and the generalized Levinson variational problem (P c ). In nonconvex optimization theory, the difference inf P − sup P c = 0 is called the duality gap.
In convex analysis, the generalized Levinson variational problem (P c ) can be considered as the Fenchel-Rockafellar dual problem. Generally speaking, the Fenchel-Rockafellar duality theory can only be used to solve convex variational problems [24, 31] . It has been proved in [19] that if the total potential P (u) is convex, all the classical complementary energy principles are equivalent to the Levinson's principle, which has the simplest formulation. However, for any nonconvex problem, there exists a duality gap between the primal problem and the Fenchel-Rockafellar dual problem. The convexity conditions of W (F) were discussed extensively by mathematicians and engineers [10] . The question concerning the existence of a pure complementary energy (no duality gap and involving the stress variational argument only) has been argued for more than 40 years.
Gap Function and Pure Complementary Energy
In order to recover the duality gap, we use the so-called Green-St. Venant strain tensor
where : U → M s is the so-called finite deformation operator. We further assume that there exists a convex, Gâteaux differentiable functionW (E) such that
It is obvious that E ∈ M s is an isotropic Lagrange type tensor, and the stored energyW is frame-indifference:
Actually, according to Hill [37] , the stored strain energy functionW for hyperelasticity should be a strictly convex function of the following so-called Seth-Hill strain family:
It is clear that for any given m ∈ R,W (E (m) ) is frame-indifference, and the conjugate stress measure T (m) ∈ M s is uniquely defined as
By the Legendre-Fenchel transformation, the complementary energy can be obtained uniquely asW
which is always convex. SinceW is convex, the following equivalent relations hold:
If m = 1, E (1) = E, and T (1) is the well-known second Piola-Kirchhoff stress tensor, denoted by S. Since (1) = is a quadratic operator, it is Gâteaux differentiable and δE(ū; u) = t (ū)u, where t (ū) : U → M s is the Gâteaux derivative of atū:
According to [33] , the following operator decomposition plays an essential role in complementary variational principles of finite deformation theory:
where n : U → M s is a complementary operator of t :
Introducing the bilinear form * , * :
the Gauss-Green formula leads to the following important formular
where
G : U ×M s → R is the so-called complementary gap function, introduced by Gao and Strang in [33] :
In terms of the general strain measure (m) , for a given external forcef ∈ F, the virtual work principle can be written as (see [19] )
This gives the general equilibrium equation [19] :
The gap function associated with (m) has been discussed in [19] . If m = 1, we have the well-known equilibrium equation
Duality theory for general nonlinear geometrical operator was discussed in several papers [19, 24, 25] . In this paper, we only consider the case m = 1. Using chain rule, we have
Hence, the equilibrium conditions in (5) are equivalent to (33) . So in terms of E and S, the BVP can be rewritten in the so-called canonical boundary value problem (CBVP).
PROBLEM 2 (CBVP). For a given external forcef = {b in ,t on t }, findū ∈ U a and the associated (E(ū), S(ū)) satisfying the following trio-canonical forms:
According to the general duality theory proposed in [19, 23, 24, 33] , for any given finite deformation operator
It is easy to show that the solution of the following generalized variational problem:
solves the following Euler-Lagrange equations:
SinceW : M s → R is convex, the equation (38) is equivalent to the geometric-constitutive
For the Green-St. Venant strain tensor E = (u), the geometric operator : U → M s is quadratic and the Lagrangian L (1) (u, T (1) ) is the well-known generalized Hellinger-Reissner energy, written as
Let S ⊂ M s be the range of the constitutive mapping DW (E) ∀E ∈ M s . For a given external forcef ∈ F, we introduce a so-called equilibrium admissible space
On S u , the Lagrangian L(u, S) gives the well-known Hellinger-Reissner energy:
Since this energy depends on both the stress S and the displacement u, it is not considered as a real complementary energy. In finite deformation theory, the existence of a pure complementary energy principle (i.e. with stress as variational argument only) was an open problem for many years. This problem has been solved recently. It is proved in [23, 24] that for every S such that S u is not empty, the pure complementary energy P d : S → R, which is dual to P , should be
Let S a be a subset of S:
The pure complementary energy for the Green-St. Venant finite deformation operator can be obtained in the following theorem.
THEOREM 1 For any given external forcef = {b in ,t on t } such that τ τ τ ∈ T a is a statically admissible field, the pure complementary energy P d : S a → R, which is dual to the total potential energy P : U a → R, is
Moreover, if (ū,S) is a critical point of L, then P d satisfies the complementary condition
andū is a solution of the potential variational problem (P),S is a solution of the following dual variational problem:
Proof. For any given τ τ τ ∈ T a , replacingf bȳ
the Lagrangian can be written as
For any given S ∈ S a , the critical condition δL(ū, S; δu) = 0 ∀δu ∈ U gives
It has been proved in [23, 24] that the Lagrangian L(u, S) : U × S → R is a saddle functional if and only if the gap function
If S ∈ S a is positive-definite, then G(u, S) > 0 for all nonzero u ∈ U . In this case, L : U → R is convex and the displacementū obtained by (48) minimizes L(u, S) over U . However, if S ∈ S a is negative-definite, then G(u, S) < 0 for all nonzero u ∈ U . In this case, the Lagrangian L : U → R is concave, and the displacementū obtained by (48) maximizes L(u, S) over U . In either case, substituting the critical condition (48) into L leads to the pure complementary energy P d . Now we are going to show that P d is a total complementary energy dual to the primal variational problem. We need to prove that the critical point of P d solves the CBVP and satisfies the complementary condition (45) .
Since δS −1 = −S −1 (δS)S −1 , for the givenf such that τ τ τ ∈ T a , the Gâteaux variation of P d at S in the direction of δS should be
IfS ∈ S a is a critical point of P d , then the critical condition δP d (S; δS) = 0 ∀δS ∈ S a leads to the dual Euler-Lagrange equation
For any given τ τ τ ∈ T a , the solution of this tensor equation should be a critical point of P d . Since the critical point (ū,S) of L solves the boundary value problem (CBVP),ū must be a critical point of P . So we only need to prove that (ū,S) is a solution of the dual variational problem (P d ). Actually, for any given τ τ τ ∈ T a , solving for ∇ū from the equilibrium equation
we obtain ∇ū = τ τ τS 
Integrating both sides, replacing F = I + ∇ū by τ τ τS −1 , we have
Using the Gauss-Green formula, for τ τ τ ∈ T a we obtain P (ū) = P d (S).
shows that there is no duality gap between the primal problem (P) and the dual problem (P d ). Actually, the duality gap between the potential variational problem (P inf ) and the generalized Levinson's variational problem (P c ) is recovered by the pure complementary gap function (2) In the dual variational problem (P d ), there is also an inequality constraint det S(x) = 0 ∀x ∈ . But this constraint is much weaker than the inequality constraint det F(u) > 0 in the potential variational problems (P) and (P inf ). The Lagrange multiplier for this inequality constraint is also identical to zero.
(3) The dual Euler-Lagrange equation (49) is a tensor equation, which reveals the algebraic relation between the first and the second Piola-Kirchhoff stresses. For any given τ τ τ ∈ T a , the solution of this symmetric tensor equation is much easier than the partial differential equation. Thus, the dual variational problem (P d ) is much easier than the primal variational problem (P). For homogeneous equilibrium problems, the equilibrium constraints in the statically admissible space T a can be relaxed by introducing a so-called stress tensor function ∈ M such that
The stress tensor function can be easily obtained from a linear polar variational problem discussed in [30] .
(4) The pure complementary energy P d : S a → R is nonconvex. The solutions of the dual Euler-Lagrange equation (49) are only the critical points of P d . The extremality condition of P d is governed by the sign of the gap function G * . The properties of the critical points of P d will be characterized by a triality theorem given in the next section. The decomposition of the finite deformation operator = t + n is crucial important in the nonlinear dual transformation method which was proposed in [33] and generalized recently into nonconvex systems in [24] . The adjoint * t of t is the equilibrium operator, while the complementary operator n leads to the complementary gap function G(u, S) = S, − n u . This gap function was first announced at the 17th IUTAM Congress, August 26, 1988 , Grenoble, France. Similar result was soon appeared in a quick paper by J. J. Telega [58] . Thereafter, in a series publications (see [16] and the references cited therein), and a review article by Telega (Mathematics Review, MR94d:73029, 1994), he claimed that the complementary gap function was first discovered by him and his co-worker. Unfortunately Telega does not really understand this gap function as well as the complementary variational method. The duality gap for all his 'truly complementary energy principles' are +∞ if the total potential is nonconvex. The key mistakes in his papers and method were pointed in [23, 24] . Interested readers are suggested to read the recent interesting paper by Bojarski [4] to understand more.
Triality Theorem and General Analytic Solution
Let L c ⊂ U a × S a be a critical point set of L:
For any given critical point
is the only critical point of L. Then we have the following result.
THEOREM 2 (Triality Theorem). Suppose that for a given external forcef = {b in ,t on t } such that (ū,S) ∈ L c is a critical point of L. IfS(x) is positive-definite on , then
P (ū) = min u∈U b P (u) = max S∈S b P d (S) = P d (S);(51)
IfS(x) is negative-definite on , then either
or
Moreover, if G(ū,S) 0 ∀(ū,S) ∈ L c , then L c is a saddle point set, i.e. for any given (ū,S) ∈ L c ,ū is a global minimizer of P andS is a global maximizer of P d . L c has only one saddle point if G is strictly positive on L c .
Proof. By the duality theory proposed in [23] , proved in [24] , for a given quadratic operator :
, the Lagrangian L is saddle functional if and only if the gap function is positive on S u . Since G(u, S) is a quadratic functional of u, its sign depends on the second Piola-Kirchhoff stress S. IfS(x) is positive definite on S b , the gap function G(u,S) > 0 for all nonzero u ∈ U b . In this case, the critical point (ū,S) of L is a saddle point:
By the theorem proved in [24] , we have
Then the statement (51) follows by considering Theorem 1. [23, 24] :
IfS(x) is negative definite on S b , then the gap function G(u,S) < 0 for any nonzero u ∈ U b , and the critical point (ū,S) is a so-called super-critical point (or
In this case, L(u,S) is concave in u ∈ U b . By Theorem 1, for a given statically admissible field τ τ τ ∈ T a such that F(u) = τ τ τ S −1 ,
as we can take maximum in either order on U b × S b . So the statement (52) follows by considering Theorem 1. The last statement (53) can be easily proved by combining Theorem 1 and the super-critical point condition [24] .
Remark. This theorem reveals a fundamental phenomena in nonconvex finite deformation theory, i.e. the generalized Hellinger-Reissner's energy L(u, S) possesses two types of critical points (ū,S). If the gap function G(ū,S) > 0, (ū,S)
is a saddle point,ū is a global minimizer of the total potential P andS is a global maximizer of the pure complementary energy P d . However, if G(ū,S) < 0, (ū,S) is a super-critical point. In this case,ū could be either a local minimizer or a local maximizer of P . Ifū is a local minimizer (resp. a local maximizer) of P , thenS must be a local minimizer (resp. a local maximizer) of P d , and vice versa. When this phenomena was first discovered in [23] , it was called the trinity theorem (Theorem 7 in [23] ). According to the suggestion from the author's colleague, 'triality' is a more suitable terminology for this phenomena, corresponding to the 'duality' in convex analysis.
Based on this triality theorem and the pure complementary energy proposed in this paper, the analytic solution for the CBVP can be eventually proposed in the following main theorem. 
is a solution of the CBVP. If S(x) is positive definite on , then u(x) is a global minimizer of P (u). If S(x) is negative-definite on , then u(x) is either a local minimizer or a local maximizer of P (u). Moreover, if all the solutions of the dual Euler-Lagrange equation (49) are positive-definite on , then u(x) is a unique global minimizer of P .
Proof. We need to prove that the displacement given in (54) satisfies all governing equations in CBVP. Taking the gradient on both sides of (54), we have ∇u + I = F(u) = τ τ τ S −1 . Since S obtained by the dual Euler-Lagrange equation (49) is symmetric, then
So the displacement u defined by (54) satisfies the equilibrium law of momentum. Since τ τ τ ∈ T a is a statically admissible field, so (∇u + I)S = τ τ τ satisfies the equilibrium conditions. Substituting this into the dual Euler-Lagrange equation (49), we have (54) is unique. Actually in this case, the gap function G(u, S) is strictly positive for all non-zero u ∈ U a . By the theorem proved in [24] , the CBVP has at most one solution.
By the convexity ofW (E), this inverse geometric-constitutive equation is equivalent to S = D EW (E(u)
Remark. In the analytic solution defined by (54) , the statically admissible tensor field τ τ τ ∈ T a has 3 × 3 − 3 = 6 degrees-of-freedom, which are determined by the dual compatibility condition:
In applications, we can always find certain orthogonal transformation Q ∈ M ⊕ such that Q t τ τ τ t τ τ τ Q is a diagonal tensor. Thus, the deformation stretches λ i , (i = 1, 2, 3) (i.e., the eigenvalues of the right Cauchy-Green strain tensor C = F t F) can be easily obtained by the eigenvalues of S −1 τ τ τ t τ τ τ S −1 .
If we use the deformation ξ ξ ξ = x+u as the variational argument, instead of the displacement u, and let
then the right Cauchy-Green strain tensor C can be written as
In this case, the finite deformation mapping : U a → M + is a pure quadratic operator. The conjugate stress of C is a second Piola-Kirchhoff type stress
and
The Gâteaux derivative of is then
The gap function in this case is then
In terms of T, the pure complementary energy should be (see [24, 25] ) 
The analytic solution for the CBVP with inhomogeneous displacement boundary condition on u has the form
Finite Deformation with Internal Variables
In general finite deformation problems, the stored strain energy W usually depends not only on F but also on some internal variables, or parameters η, where η could be represented in scalar, vector or tensor forms. By the principle of material frame-indifference, W : M + ( ) → R should satisfy the following condition:
or equivalently,
W (F, η) =W (E, η) =Ŵ (C, η).
Finite deformation theory with internal parameters has been studied extensively during the last 20 years in phase transitions and hysteresis, [7, 13, 15, 40, 42] , isotropic hyperelastic material with residual stress [39] , elastoplasticity [6, 20, 34, 35, 46] , and post-buckling analysis [21, 23] . Here we consider the following two cases.
Case I
The internal parameter η ∈ R is regarded as fixed (inactive) at a constant initial value, say, η 0 , until some threshold value of the deformation is reached, and thereafter, η with depend on the deformation history. For example, in the deformation theory of elastoplasticity with strain hardening effects, such a threshold could be modeled as a hyper-surface in the strain space:
For example, in Hencky's plasticity, the yield surface in strain space can be written as
where E d = E − trE denotes the deviator of E. The stored energyW is a nonsmooth function of E:
where κ 0 , µ 0 and σ 0 are material constants; H = {H ij kl } is the generalized Hooke's tensor. For perfectly plastic deformation, the internal parameter η = η 0 = σ 0 /(2µ 0 ) is a constant. However, if the material possesses harderning effects, η and σ 0 will depend on the deformation history. It is easy to prove thatW (E) is convex, lower semicontinuous, and its subdifferential is a convex set [34] :
SinceW is nonsmooth, the potential variational problem for Hencky's plasticity is very difficult. The complementary energy density, however, has a very simple form [34] :
The yield surface in stress space is then
The inverse constitutive law can be written as [34] E ∈ ∂W
If we let E = E e + E p , and E e = H −1 S is the elastic strain, the plastic strain E p satisfies the well-known plastic flow law:
the Lagrange multiplier λ for the yield condition U * (S, σ 0 ) 0 is the so-called plastic flow factor, it has to satisfy the Kuhn-Tucker's constraint qualification conditions:
In nonsmooth mechanics [11, 34, 52] ,W * (S) defined by (71) is called the super potential. Let K ⊂ S a be the so-called plastic admissible yield space
On K, the complementary energy variational principle (P d ) for Hencky's plasticity is then a constrained variational problem:
The dual Euler-Lagrange equation in this case is then
For a given statically admissible field τ τ τ ∈ T a , the solution S(λ) of this algebraic equation will depend on the Lagrange multiplier λ 0. By the yield condition U * (S(λ), σ 0 ) 0, λ can be well determined. The equation (54) then gives the analytic solution of the variational problem of the Hencky's plasticity.
Case II
The internal variable η η η ∈ M is activated as soon as the deformation is initiated. We let
In phase transitions, η η η can be regarded as a residual strain. In the post-buckling analysis of nonlinear structures [23] , η η η can be considered as a pre-buckling strain state. Before the buckling load, the stored energyŴ may be a convex functional of the deformation, and the system may have a unique pre-buckling state. After the load η η η reached the buckling load, the stored energyŴ will be a nonconvex functional, and the system becomes unstable.
By the Fenchel transformation, the complementary energy density can be obtained aŝ 
Now let us consider a post-buckling variational problem of nonlinear elastic beam theory proposed recently in [23] :
where E, I, α > 0 are constants; f (x) is the transverse external load, the parameter η is the compressive axial load. For clamped-simply supported beam, the kinematically admissible space U a is given by
The pre-buckling (Euler) load is determined by the well-known eigenvalue problem:
It is clear that
We let
where η p = η − η 0 /(2α). Obviously,
When the parameter η p > 0, the beam is in post-buckling state. The total potential P η is a double-well energy. It has three critical points: two local minimizers corresponding to two possible stable buckling states, and one local maximizer, corresponding to one unstable buckling state. It is interesting to know that in the phase transitions of Ericksen's bar subjected to the axial extension load, the total potential is the same as P η (w) (see [13] ); while the pertubated problem studied in [7] is the same as the total potential P (w) with EI = 1/ . Now we are going to use the complementary variational method to solve the nonconvex variational problem
In terms of finite strain e = (w) = w 2 ,x , the stored energȳ
is strictly convex. The dual variable of e is simply given by
The conjugate functionW * η can then be easily obtained as
In terms of σ , the Euler-Lagrange equation for the variational problem δP η (w; δw) = 0 should be
2w ,x σ = 0 atx = 1.
Since σ = α(e − η p ), the range of σ should be [−αη p , +∞). Then the dual feasible space can be given as
Since τ = 2w ,x σ , the statically admissible space T a is
It is easy to find that
is the only one statically admissible stress in T a . So in this example, the pure complementary potential energy P d can be written as
which is well-defined on S a . The dual Euler-Lagrange equation (64) in this case should be
For a given external load f (x), this cubic algebraic equation has at most three real roots σ i , (i = 1, 2, 3). By (65), the analytic solution for this post-buckling problem is In the case of σ 1 > 0 > σ 2 > σ 3 , the triality theorem tells that w 1 is a global minimizer of P η , w 2 is a local minimizer and w 3 is an unstable buckling state. Furthermore, we let
This is the well-known Van der Waals energy, its dual function is just
For the given η p , α > 0, their graphs are shown by Figure 2 . By triality theorem we know that there exists a η max > 0 such that when η p > η max , both W v and W * v have three critical points. The analytic solution for nonconvex variational problem with multi-well energy was given in [24] .
Applications

3-D ELASTIC CYLINDRICAL TUBE
Let us consider the deformation of a thick-walled right circular cylindrical tube composed of hyperelastic material into another right circular cylinder due to internal and external pressures. The tube is also subject to a fixed axial load. Such problem has been studied extensively in literature (see [50] ). As an illustration of the foregoing theory, here we only follow the framework of the general analytic solution and quote some basic formulas without giving details of their derivation.
The undeformed configuration occupies the region in cylindrical polar coordinates
where A and B are the inner and outer radii of the undeformed cylinder, and L is its length. The deformation ξ ξ ξ ∈ R 3 is a vector valued function from to another right cylinder:
where 3 is a constant, the deformation r(R) is assumed to be of C 1 (A, B) . Referring to cylindrical coordinates the deformation gradient and right Cauchy-Green strain tensor are
Here and henceforth a prime denotes the derivative with respect to R. So the principal stretches λ i = √ C i are given by
For homogeneous, isotropic and hyperelastic material, the strain energy function is symmetrical in its arguments, that is
By the axiom of the frame-indifference, there exists a stored energy densityW (C) such that
Similarly,W (C) is also symmetrical in its arguments. Then the second Piola-Kirchhoff stress tensor T is given by
We simply write C = {C i }, and T = {T i }. The first Piola-Kirchhoff stress is then
In the absence of body forces, the only non-trivial equilibrium equation in terms of the nominal stress tensor τ τ τ is
On the end, inner and outer deformed surfaces, the traction boundary conditions are
It is easy to find that the statically admissible space T a in this problem is
Since C = (ξ ξ ξ ) is a quadratic function of the deformation ξ ξ ξ , the gap function (62) in this case is
For a statically admissible field τ τ τ ∈ T a , the pure complementary energy P d can be written as
where the gap function G
For unconstrained (i.e., compressible) material, the complementary energy density is simply given bȳ
The dual Euler-Lagrange tensor equation (64) can be written in three uncoupled formulas:
For the given τ τ τ = (τ 1 (τ 2 ), τ 2 , τ 3 ) ∈ T a , the analytic solution ξ ξ ξ is then
τ 2 can be determined by the first equation; τ 3 and r a can be determined by the boundary conditions. For incompressible material, the complementary energy density should be obtained by the constrained optimization problem:
Similar to the Hencky's plasticity, the dual Euler-Lagrange equation is subjected to a constraint in the stress space. Detailed study for this problem should be given in another paper.
NONSMOOTH ELASTOPLASTIC BAR WITH JUMPING AND HARDERNING EFFECTS
Let us consider the equilibrium problem of a one-dimensional elastoplastic bar, which is fixed at x = 0, free at x = , and subjected to the distributed load f (x)∀x ∈ I = (0, ). The extension u(x) is a real valued function. The Cauchy-Green strain e is defined by the geometrical nonlinear equation:
Let e e > 0 be the elastic strain limit. If e e e , the bar is in elastic deformation state; while e > e e the bar is in plastic state. Suppose that the constitutive relation is picewise linear (see Figure 3 ) where k e , k p and σ p are material constants. Then stored energyW is then a nonsmooth function (see Figure 4 (a))
W (e) = W e (e) = 
SinceW (e) is convex, its Legendre-conjugate can be easily obtained as 
which is a smooth function of σ (see Figure 4 
For σ = σ e and σ = σ p , the equation (124) gives τ e = σ e 2e e + 1, τ p = σ p 2e e + 1.
For the given external load f (x) and boundary conditions, the domains I i (i = 1, 2, 3) can be well-determined by the function τ (x):
I 1 = {x ∈ I| |τ (x)| τ e }, I 2 = {x ∈ I| τ e < |τ (x)| τ p }, I 3 = {x ∈ I| |τ (x)| > τ p }.
Since the bar is free at x = , we have d 1 = τ ( ) = 0, and
The interface x e is well-determined by In the subdomain I 1 , the system is controlled by the equation (123). The graph of σ vis τ 1 (x) is the so-called singular algebraic curve in algebraic geometry (see Figure 5(a) ). Since τ 1 max = max x∈I 1 τ (x) = τ e , by Corollary proved in [29] 
where u 1 (x e ) will be determined by the interface condition. In the domain I 2 , the dual Euler-Lagrange equation (124) is linear (see Figure 5 (b)). Hence in I 2 = (x p , x e ), the solution is unique u 2 (x) = sgn[τ 2 ] 2e e + 1(x − x e ) + u 1 (x e ), x ∈ I 2 .
In the domain I 3 , τ 3 min = τ p , if λ = e e + 1 2
− σ p /k p 1.5(τ p /k p ) 2/3 , for any τ 3 (x), the algebraic equation (125) has a unique root σ (see Figure 5(c) ), which leads the analytic solution
However, if e e + 1 2
− σ p /k p > 1.5(τ p /k p ) 2/3 , the solution σ may not be unique. The algebraic curve in I 3 is similar to Figure 5(a) . In this case, if for a given external load f (x) such that the dual Euler-Lagrange equation (125) has three real roots σ (x), the system is in plastic buckling state. The interface condition u 3 (x p ) = u 2 (x p ) gives u 1 (x e ).
Conclusions
The pure complementary energy principles and the general analytic solutions for finite deformation elastoplasticity have been formulated. By using these complementary energy principles, the nonlinear BVP can be transformed into different algebraic (tensor) equations (equations (49) and (64)), the nonsmooth problem can be converted into a smooth dual problem. The properties of the general solutions are clearly clarified by the triality theorem. Applications show that the nonlinear dual transformation method provides a potentially powerful tool in nonconvex and nonsmooth mechanics. The complementary energy principles and triality theory have been generalized recently into nonconvex dynamical systems in [28] . A powerful sequential canonic dual transformation method has been proposed in [29] , which can be used to solve many nonlinear BVP in finite deformation theory. A detailed study on duality theory in fully nonlinear systems is given in the monograph [30] .
